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ABSTRACT 

The numerical prediction of masonry monumental structures still represents a complex 

issue, due to the difficulties to adequately simulate the nonlinear cyclic response of 

masonry material. In principle, nonlinear finite element models (FEM) can be rigorously 

applied also for large monumental structures. However, these approaches still require 

high computational resources and specific expertise that limited their application to few 

academic studies or significant cases. For these reasons several researches are cur-

rently involved in the formulation and validation of alternative numerical strategies to 

be efficiently applied for the structural assessment of masonry monumental structures. 

Among the simplified approaches, a widely used strategy is the so called equivalent 

frame model (EQM), that received several numerical and experimental validations. In 

this study, after a description of the recent evolutions of the EQM, an original discrete 

macro-element method (DMEM), developed by the authors in the last decade, is pre-

sented. The method is based on a discrete macro-element discretization in which the 

interaction between the shear deformable elements is governed by zero-thickness in-

terfaces which also rule the mechanical behaviour of the corresponding adjacent ele-

ments according to a straightforward fibre discretization strategy. The approach re-

quires a very low computational burden, if compared to classical nonlinear FEM simu-

lations, which allows an efficient modelling of large masonry structures as churches, 

monumental building or masonry arch bridges. Several comparisons with numerical 

and experimental results show the ability of the proposed discrete macro-element 

method to efficiently simulate the typical nonlinear behaviour of historical masonry 

structures. 
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1.1 Introduction 

The simulation of the nonlinear behaviour of masonry structures subjected to earth-

quake excitations or extreme loadings represents a complex computational issue for 

which many numerical strategies characterised by different level of accuracy and effi-

ciency have been proposed so far. Masonry represents one of most ancient construc-

tion material and nowadays represents a large part of existing and new structures. 

However, the word ‘masonry’ has to be intended as a composite material obtained by 

the assemblage of individual units and mortars whose property is different by the prop-

erty of its components (Hilsdorf, 1969). As a consequence, the word masonry itself 

refer to a great variability of masonry materials characterised by different constituents, 

geometrical layouts and construction techniques. This huge variability makes difficult 

to define reliable numerical models and general constitutive laws suitable for all ma-

sonry structures (Lourenço et al., 1998; Asteris et al., 2014). Masonry material provides 

its mechanical contribution also in mixed-masonry structures, like confined masonry 

and infilled masonry buildings; in these latter cases, reliable numerical simulations also 

require the nonlinear modelling of the interaction of the different structural members 

contributing to the global bearing capacity of the structural system (Asteris et al., 2011; 

Caliò and Pantò, 2014). 

Many significant examples of applications of the nonlinear finite element method to 

historical masonry buildings and churches are reported in the literature, some of these 

studies consider masonry as a homogenised continuum at the macro-scale (Mele et 

al., 2003; Betti and Vignoli, 2008, 2011; Araujo et al., 2012; Lourenço et al., 2012; 

Barbieri et al., 2013; Milani and Valente, 2015), other refined FE approaches are based 

on detailed simulations of units and mortar as micro-modeling (Lofti and Shing, 1994; 

Anthoine, 1997; Gambarotta and Lagomarsino, 1997; Lourenço and Rots, 1997; Berto 

et al., 2002; Macorini and Izzuddin, 2011). Much effort is made today in the link be-

tween the micro- and macro-modeling approaches using homogenization techniques 

which allow the use of continuum based approaches as the nonlinear FEM simulation 

as well as macro-modelling simplified strategies.  

Nonlinear FEM modelling approaches require the adoption of sophisticated constitutive 

laws, huge computational cost as well as advanced skills in the model implementation 

and in the interpretations of the numerical results. On the other hand, practitioners 

need simple and efficient numerical tools, whose complexity and computational de-

mand should be appropriate for practical engineering purposes. For these reasons, in 
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the last decades, many researchers proposed new efficient numerical methodologies 

for predicting the nonlinear seismic behaviour of unreinforced masonry (URM) struc-

tures (Brenchich et al., 1998; Magenes and La Fontana, 1998; Kappos et al., 2002; 

Caliò et al., 2005; Chen et al., 2008; Marques and Lourenço, 2011; Lagomarsino et al., 

2013; Raka et al., 2015). Marques and Lourenço (2011) report a comparison between 

different simplified approaches currently used in academic research and engineering 

practice. A common limitation of the existing simplified numerical strategies for URM 

structures, currently used by many practitioners, is the basic assumption of in-plane 

behaviour of masonry walls, making these approaches less suitable for historical ma-

sonry structures, in which the out-of-plane behaviour strongly influences the seismic 

response. An original alternative efficient approach is represented by the ‘rigid-body 

spring model’, specifically formulated with the aim of approximating the macroscopic 

behaviour of masonry walls with reduced degrees of freedom. Some valuable applica-

tions of this approach are relative to historical masonry buildings (Casolo and Peña, 

2007; Casolo and Sanjust, 2009; Valente and Milani, 2016).  

Among the simplified methods the equivalent frame modelling approach represents 

the most adopted strategy and has been implemented in several academic as well as 

commercial software environments. Several numerical and experimental validations 

have been already reported in the literature and different formulations have been pro-

posed in the last three decades. In the following a more detailed description of the 

equivalent frame model approach and its recent evolution is reported highlighting the 

advantages and the few drawbacks of this simplified strategy. Subsequently, an alter-

native macro-modelling strategy for the simulation of the nonlinear behaviour of URM 

structures is presented. The approach is based on the concept of macro-element dis-

cretization (Caliò et al., 2012a) and has been conceived with the aim of capturing the 

nonlinear behaviour of an entire structure through an assemblage of discrete macro-

elements characterized by different levels of complexity according to the role played in 

the global model. The basic element has been firstly (Caliò et al., 2005) developed for 

the simulation of the in-plane response of masonry walls and received several numer-

ical and experimental validations (Marques and Lourenço, 2011; Caliò et al., 2012a; 

Pantò et al., 2015). The basic plane element can be represented through a simple 

mechanical scheme constituted by an articulated quadrilateral with four rigid edges 

and four hinged vertices connected by two diagonal nonlinear springs. The interaction 

between the macro-elements is ruled by nonlinear zero-thickness interfaces. This 
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novel approach has been also successfully applied for infilled frame structures (Caliò 

et al., 2008; Caddemi et al., 2013; Caliò and Pantò, 2014; Marques and Lourenço, 

2014). In this latter case, the infills are modelled by the macro-elements, while the 

reinforced concrete frames are modelled by concentrated-plasticity beam columns. 

The basic 2D macro-element has been conceived for the simulation of the nonlinear 

response of masonry walls in their own plane only. To overcome this significant re-

striction, common to several simplified approaches, a third dimension and the relevant 

needed additional degrees of freedom have been introduced in a 3D macro-element 

(Pantò et al., 2017a; Pantò, 2007; Caddemi et al., 2014). The kinematics of the en-

riched 3D-macro-element is governed by seven Lagrangian parameters only and al-

lows an efficient simulation of both the in-plane and the out-of-plane response of ma-

sonry walls. 

One of the advantages of the proposed macro-element strategy is related to the 

strongly reduced computational cost, if compared to the traditional nonlinear finite ele-

ment modelling. However, another benefit relies on the adopted mechanical calibration 

strategy that, being based on a straightforward fibre discretization, allows the use of 

simple uni-axial constitutive laws and leads to a very easy interpretation of the numer-

ical results. Based on the above issues, the proposed discrete macro-element method 

can be considered not only a reliable numerical tool for academic researches but also 

an efficient practice-oriented approach for the nonlinear simulation of masonry build-

ings.  

However, many masonry monumental constructions are characterized by the presence 

of structural elements with curved geometry, such as arches, vaults, domes which re-

quire an efficient reliable simulation. For this reason, a further enrichment of the pro-

posed 3D macro-element, towards a more general macro-shell-element, has been 

subsequently introduced (Calió et al., 2010; Cannizzaro, 2010; Caddemi et al., 2015, 

Cannizzaro et al., 2018). This shell macro-element was conceived as an extension of 

the spatial element and represented the first macro-element proposed for curved ma-

sonry structures. Its nucleus is constituted by an irregular articulated quadrilateral, still 

characterized by four rigid layer edges, whose orientation and size are now related to 

the shape of the element and to the thickness of the modelled masonry portion. This 

more general macro-element strategy is mainly devoted to the numerical simulation of 

the seismic behaviour of historical masonry structures, and masonry arch bridges and 

it has been implemented in the software code HiStrA (Historical Structures Analysis) 
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(Caliò et al., 2015), which simplifies the modelling of historical structures by means of 

several wizard generation tools, suitable to manage complex curved geometries ac-

cording to a powerful parametric input. 

In this chapter a comprehensive review of the proposed discrete macro-element strat-

egy is reported. The different proposed macro-elements and their capability to be ap-

plied for the structural assessment of masonry structures are discussed with reference 

to some relevant cases. Numerical and experimental validations are reported with ref-

erence to some benchmarks already investigated in the literature. The low computa-

tional cost and the easiness in the interpretation of the results make this method par-

ticularly suitable for the engineering community as well as for academic research on 

the seismic assessment of cultural heritage buildings. 

1.2 The equivalent frame models 

A widely used model for the global analysis of masonry buildings assuming an in-plane 

response of masonry walls is the so called ‘equivalent frame model’ (EFM). This ap-

proach can be regarded as a macro-element strategy based on the assumption that 

the out-of-plane response of the masonry walls is prevented and the global behaviour 

of the structure is ruled by the in-plane reactions of the masonry walls that can hori-

zontally interact through diaphragms. Following the macro-element approach, each 

wall is idealised in several macro-portion, or structural components, to be represented 

by a suitable equivalent mechanical model. In the EFM it is generally assumed that in-

plane damage can occur on piers and spandrels while the other masonry portion are 

not subjected to damage. Piers and spandrels are identified as the masonry portions 

between horizontally and vertically aligned openings respectively. In this macro-ele-

ment approach, the masonry portions susceptible to damage are represented by equiv-

alent nonlinear beams whose nonlinear behaviour is calibrated for describing the non-

linear response of the corresponding masonry panel. In figure 1 an example of the 

subdivision of a typical masonry wall in piers, spandrels and joint regions is reported; 

in the same figure a geometrical scheme of the corresponding equivalent frame is also 

represented. Under these hypothesis, the masonry portion connecting piers and span-

drels, since are considered damage prevented, are regarded as rigid links connecting 

the equivalent beams representative piers and spandrels. This practical oriented ap-

proach leads to the definition of an equivalent frame for each plane masonry wall; the 

spatial connection of the plane frames by means of rigid or deformable diaphragms 
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allow to obtain a spatial frame model representative of the global behaviour of the 

overall building.  

The first equivalent beam-based model can be attributed to Tomaževicˇ (1978), that 

introduced the so-called POR method. In this pioneering version of equivalent frame 

model each wall was idealised as a shear-type frame in which only the columns, rep-

resenting the masonry piers, were assumed as susceptible to damage while both span-

drels and connecting regions were assumed as rigid zone exempt from damage. Ini-

tially only the shear capacity of the masonry piers has been considered according to 

simplified elastic perfectly plastic constitutive laws. This very simple equivalent frame 

model strategy, although too approximate had the advantage to recognize the need to 

perform nonlinear analyses for masonry buildings. The POR method was lately im-

proved by considering shear and flexural collapse mechanisms for the masonry piers 

leading to the POR-FLEX method (Braga & Dolce 1982, Dolce 1991). After the intro-

duction of the POR method, some researches highlighted the need to enrich the model 

by introducing the possibility to identify the presence of damage also in other structural 

components. Taking inspiration from seismic damage scenario on unreinforced ma-

sonry buildings some research groups observed that the in-plane damage in masonry 

walls is mainly concentrated on piers and spandrels while the masonry portion con-

necting these regions are rarely subjected to significant damage. In view of this con-

sideration the shear type model has been abandoned and a new equivalent frame 

models have been proposed. Calvi & Magenes (1996) introduced the SAM (Simplified 

Analysis of Masonry) method, then further modified by Magenes & Della Fontana 

(1998). In the SAM method each plane wall is represented by an equivalent frame 

where columns and beams represent piers and spandrels respectively. Rigid offsets 

describe the joint panels in which damage cannot occur. Many equivalent beam-based 

models (Kappos et al. 2002, P. Roca et al 2005, Penelis et al. 2006, Belmouden et al 

2009) are based on the idealization of the structure as an assemblage of piers as col-

umns and spandrels as beam elements, connected by rigid links. The main differences 

between these models rely on rules adopted for the definition of the equivalent frame 

and on the constitutive laws adopted for the description of the nonlinear behaviour of 

piers and spandrels. A widely used equivalent frame model is implemented in the 

Tremuri software (Lagomarsino et al 2013), that received several numerical and ex-

perimental validations and implements an original and versatile algorithm for the push-

over analysis, suitable for assessing the nonlinear evolution of the lateral response of 
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3-dimensional masonry buildings, including the deterioration of the base shear for in-

creasing lateral displacements after the attainment of peak strength. Recently some 

equivalent-beam based models proposed the use of distributed plasticity beam ele-

ments (Raka et al. 2015, Addessi et al 2015) leading to a better description of the 

nonlinear flexural behaviour being related to a fibre discretisation of the masonry.  

Equivalent frame approaches represent a slender and fast solution to assess masonry 

buildings, whose main advantages are hereafter listed: 

i. the needed degrees of freedom to model an entire building is limited, thus 

allowing to perform nonlinear analyses with a reasonable computational bur-

den if compared with FE approaches; 

ii. the main in-plane failure mechanisms of a masonry panel can be taken into 

account by means of ad hoc constitutive laws; 

iii. a large part of masonry structures respects the hypotheses on which this 

methodology relies; 

iv. the implementation of such approaches in general purposes software envi-

ronments is possible. 

On the other hand, these approaches present some drawbacks which limit their em-

ployability. In particular: 

i. the definition of the equivalent frame is not always straightforward, especially 

when the distribution of the openings on the masonry walls is irregular; 

ii. The geometric inconsistence between a plane masonry portion and the 

beam makes difficult the simulation of the interaction between reinforced 

concrete or steel frame structures and adjacent masonry walls. This is the 

case of confined masonry or infilled masonry structures. 

iii. As in many macro-element approach the out-of-plane response is not taken 

into account. 

Many works investigated and validated the EFM highlighting the difference between 

the approaches already proposed in the literature as well as the advantages and the 

limit of applicability, without claiming to be exhaustive, the interested reader can refer 

the recent works of Marques & Lourenço (2011), Raka et al. (2015), Quagliarini et al 

(2017), Siano et al. (2018). 
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1.3 A discrete macro-element strategy 

Starting from a pioneering work in 2004 (Caliò et al. 2004) a research group of the 

University of Catania proposed a new macro-element method defined according to an 

original approach within the framework of a discrete element formulation strategy. 

Such an approach is based on the subdivision of the structure under consideration in 

several macro-portions; then, after a homogenization of the mechanical properties of 

the components (mortar and units), each macro-portion is regarded as an equivalent 

continuum whose mechanical properties can be assumed as isotropic or orthotropic 

depending on the masonry texture. The next step is the discretization by means of a 

mesh of macro-elements chosen according to the macro-portion that has to be mod-

elled. Figure 2 reports a qualitatively subdivision of a dome by means of several macro-

portions that, according to a macro-element strategy, will be represented by shell 

macro-elements. 

 In this approach each macro-element, that is not rigid, interacts with the adjacent 

elements through nonlinear distributed zero-thickness interfaces. The nonlinear be-

haviour of the structure is captured through an assemblage of macro-elements, char-

acterized by different level of complexity according to the role played in the global 

model. The degrees of freedom needed to describe the macro-elements’ kinematics 

are those strictly related to the rigid body motion plus a single degree of freedom gov-

erning the element deformability. In the following subsections a brief description of the 

different macro-elements introduced so far is reported. 

1.3.1 The basic 2D macro-element 

The basic 2D macro-element is a plane quadrangular element endowed by four de-

grees of freedom, Figure 3a.  

The 2D macro-element, firstly proposed in 2004 (Caliò et al. 2004), has been con-

ceived for the simulation of the nonlinear response of masonry walls in their own plane, 

Figure 3b. The element can be regarded as an articulated quadrilateral of rigid beams 

connected by four hinges, leading to a kinematics governed by four degrees of freedom 

only. Zero-thickness interfaces govern the interaction with the adjacent elements, while 

the element deformability is conveniently ruled by a single diagonal nonlinear link. The 

kinematics of the mechanical scheme, after a proper calibration procedure of the non-

linear links, is capable of simulating the main in-plane collapse failure modes of a ma-

sonry panel: flexural failure, diagonal shear failure and sliding shear failure (Caliò et 
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al., 2012a). In spite of its simplicity, the assemblage of these elements allows the sim-

ulation of the global nonlinear response of masonry buildings also in presence of open-

ings allowing a geometric consistent simulation of the masonry walls in their own plane. 

Each macro-element exhibits three degrees of freedom associated with the in-plane 

rigid body motion, plus the additional degree of freedom, needed for the description of 

the in-plane shear deformability. The deformations of the interfaces are related to the 

relative motion between corresponding panels; therefore, no further Lagrangian pa-

rameter has to be introduced to describe their kinematics. The adopted model has the 

advantage of interacting with the adjacent elements along the whole perimeter, thus 

allowing the possibility of using different mesh discretizations as highlighted in the fol-

lowing paragraphs. The numerical approach has been validated by several researches 

(Marques and Lourenço, 2011) and it has been implemented in the software 3DMacro 

(Caliò et al., 2012b) currently used for research and practical applications. The geo-

metric consistency of the elements also allows an efficient simulation of infilled frame 

structures, Figure 4 reports an example of infilled frame model by means of a hybrid 

approach in which the beams are modelled as frame elements and the infill is modelled 

by means of a mesh of plane macro-elements.  

1.3.2 The 3D macro-element 

The 2D macro-element allows the simulation of a masonry wall in its own plane but 

ignore the out-of-plane response. To overcome this significant restriction a third dimen-

sion and the relevant needed additional degrees of freedom have been introduced in 

a 3D macro-element (Pantò et al., 2017a; Pantò, 2007; Caddemi et al., 2014).                

Figure 5 reports the 3D macro-element (Pantò et al., 2017a; Pantò, 2007; Caddemi et 

al., 2014), obtained as the extension to the space of the plane element described in 

the previous paragraph. The kinematics of the spatial macro-element is governed by 7 

degrees-of-freedom, able to describe the in- and out-of-plane rigid body motions of the 

quadrilateral and the in-plane shear deformability. The interaction of the spatial macro-

element with the adjacent elements or the external supports is ruled by 3D-interfaces. 

Each 3D-interface possesses m rows of n orthogonal (i.e. perpendicular to the planes 

of the interface) nonlinear links. Consequently, each interface is discretised, similarly 

to what is done in classical fibre models, in m×n sub-areas (Figure 5b). The 3D inter-

faces are endowed with additional shear-sliding springs (Figure 5a), required to control 

the in-plane and out-of-plane sliding mechanisms and the torsion around the axis per-

pendicular to the plane of the interface. The number of NLinks adopted in the 3D-
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interfaces is selected according to the desired level of accuracy of the nonlinear re-

sponse. A detailed description of the mechanical calibration of the spatial macro-ele-

ment and its numerical and experimental validation is reported in Pantò et al 2017. 

This model has also been applied for the simulation of infilled frame structures ac-

counting for the in- and the out-of-plane behaviour of infills (Pantò et al. 2018). 

1.3.3 The shell macro-element for modelling curved geometry 

The 3D macro-element (Pantò et al., 2017a) allows the simulation of the of in-plane 

and out-of-plane behaviour plane masonry walls. However Historical structures are of-

ten characterised by the presence of curved geometry structures whose role in the 

global and local response cannot be ignored. Aiming at modelling curved geometry a 

more general shell macro-element for modelling arches, vaults, domes and masonry 

arch bridges has been introduced. The shell macro-element is characterized by four 

rigid layer edges whose orientation and dimension is now associated to the shape of 

the element and to the thickness of the portion of structure to be modelled, Figure 6. 

The in-plane shear deformability is still governed by a single degree of freedom related 

to a diagonal spring placed along one of the diagonals of the quadrilateral. The plane 

interfaces rule the interaction with the adjacent elements or the external supports. How-

ever, due to the irregular geometry these interfaces are in general skew with respect 

to the medium plane of the element. Curved surfaces are therefore modelled under the 

assumption that the behaviour of a continuously curved surfaces can be adequately 

represented by flat macro-elements. Each quadrilateral is geometrically defined by the 

coordinates of its vertices, the four normal vectors to the surface and the thicknesses 

in these points, Figure 7. 

The most significant novelties of the improved shell element can be summarized in the 

following features:  

i. interfaces are no longer orthogonal to the plane of the element, thus allowing 

to follow the curved geometry of the structure;  

ii. the thickness can be linearly variable at each interface;  

iii. the shape of the element can be represented by a generic quadrangular el-

ement.  

In spite of the complications due to the curved geometry, the model keeps the original 

simplicity and computational cost. Its kinematics is still ruled by seven degrees of free-

dom (six rigid body motion degrees of freedom and one associated with the in-plane 
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shear deformability). The irregular geometry implies that each link corresponds to a 

prismatic fiber, whose cross-sectional area varies with a parabolic trend, Figure 8.                

The nonlinear sliding links are three in each interface (Figure 6b): one along the axis 

of the interface (in-plane sliding link) and two orthogonal to the axis and still lying on 

the plane of the interface (out-of-plane sliding links). The calibration strategy follows 

the same philosophy of the spatial regular model. Since those links have to simulate 

the occurrence of sliding along the bed joints, their nonlinear behavior is closely af-

fected by friction phenomena and the yielding domain accounts for the influence of the 

normal force acting on the interface. In the subdivision of an arbitrary shell into flat 

elements, both triangular and quadrilateral elements should generally be used (see 

Figure 2). The triangular elements are assumed to be rigid in their own plane and are 

therefore characterized by six degrees of freedom only. A detailed description of the 

mechanical characterization of this non-trivial shell discrete element is outside the pur-

pose of the present chapter that is oriented to a methodological description of this 

computationally effective approach aiming at demonstrating its suitability for practical 

applications devoted to the structural assessment of existing masonry structures. 

1.4 The mechanical characterization strategy of the proposed macro-element 
approach 

According to the proposed strategy each macro-element must be representative of the 

corresponding finite portion of masonry wall, cut out by plane sections located at the 

edges of the element. The formulation follows a phenomenological description of the 

mechanical behaviour of a masonry portion in which, the zero-thickness interfaces rule 

the membrane-flexural response and the shear-sliding behaviour of adjacent elements, 

while the in-plane shear element deformability, is related to the angular distortion of 

the articulated rigid quadrilateral. The mechanical characterization of the zero-thick-

ness interfaces is here performed following a straightforward fiber calibration proce-

dure while the shear element deformability is calibrated through a mechanical equiva-

lence with a reference geometric-consistent continuous model. The interface nonlinear 

links can be distinguished as orthogonal Nlinks and shear-sliding Nlinks. In the follow-

ing, the main steps needed for the calibration procedure are described with reference 

to each group of nonlinear links. 
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1.4.1 Calibration of the nonlinear links orthogonal to the interfaces 

The orthogonal nonlinear links incorporate the mechanical properties of the repre-

sented element assuming masonry as an orthotropic homogeneous medium. Each or-

thogonal link encompasses the nonlinear behaviour of the corresponding fiber, along 

a given material direction, Figure 5b. With reference to a regular three-dimensional 

macro-element, each spring is calibrated assuming that the uniform masonry strip is a 

homogeneous inelastic material, which can also consider cyclic behaviour governed 

by fracture energy values for the tensile and compressive response, Gt and Gc, respec-

tively, and following different post-elastic branches laws (Chácara, C. et al. 2018). 

With the aim to provide an example, reference is made to a single orthotropic panel 

under monotonic loadings, Figure 8. In this case the flexural behaviour of the masonry 

panel is characterized by different mechanical properties along the two fundamental 

directions. Eh and Ev are the Young’s moduli of the homogenized orthotropic masonry 

medium; σch, σth and σcv, σtv are the corresponding compressive and tensile maximum 

stresses, Gch, Gth and Gcv, Gtv are the fracture energies in compression and tension. 

Consistently with the here adopted fiber calibration strategy, the flexural stiffness cali-

bration of the panel is simply obtained by assigning to each link the axial stiffness of 

the corresponding masonry strip. Each masonry strip is identified by its influence area 

and the half-dimension of the panel in the direction perpendicular to the interface, Fig-

ure 5b. The initial stiffness K, the compressive and tensile yielding strengths, fc and ft, 

and the corresponding ultimate displacements, uc and ut (under the simplified hypoth-

esis of rectangular shape of the panel and linear softening) of the links relative to the 

horizontal and vertical interfaces are reported in Table 1 as a function of the mechani-

cal and geometrical properties of the masonry panel. 

B and H are the length and the height of the panel, λh and λv are the in-plane distances 

between the springs along the interfaces arranged according to the two fundamental 

directions, and λs is the out-of-plane distance between the rows of springs. 

1.4.2 Calibration of the nonlinear links along the interfaces 

The nonlinear links, lying along the interface and denoted as shear-sliding springs, 

govern the torsional and shear-sliding behaviour along the interfaces. In the discreti-

zation here adopted, one single link is considered for the in-plane model (Figure 3) 

while three nonlinear links have been considered for the spatial models (Figures 5 and 

6), this being the minimum required to obtain the possible masonry failure modes 
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(Pantò et al. 2017a). A single in-plane shear-sliding spring, governing the in-plane slid-

ing of the element along the interface is calibrated according to a rigid-plastic Mohr–

Coulomb law. The out-of-plane shear deformability is ruled by two parallel springs, 

which take care of the out-of-plane sliding behaviour and the torsional elastic and ine-

lastic response of the connected adjacent panels. The two out-of-plane shear-sliding 

nonlinear links are required to control the out-of-plane sliding mechanisms as well as 

the torsion around the axis perpendicular to the plane of the interface. Aiming at main-

taining a simple fiber calibration approach, the out-of-plane shear deformability of each 

link, connecting two adjacent panels, is calibrated according to their influence volumes. 

Referring to two identical adjacent macro-elements, with thickness s, width B and 

height H, shear modulus G, cohesion c, and friction coefficient μs, the calibration pro-

cedure is summarized providing the main parameters that govern the mechanical be-

haviour of the sliding links (Table 2). 

Once the elastic shear out-of-plane stiffness has been assigned, according to the for-

mulas reported in Table 2, the relative distance d between the two out-of-plane sliding 

links have to be set according to an equivalence with the corresponding elastic contin-

uum in terms of torsional behaviour (Pantò et al., 2017a). Aiming at obtaining a suitable 

torsional elastic calibration, although maintaining a simplified calibration strategy, the 

distance d between the two springs is simply obtained considering that the torsional 

elastic stiffness of the corresponding geometrical consistent continuous model is 

equivalent to that associated to the discrete system. The yielding strength of each 

spring is associated with the current contact area A of the interface and to the current 

axial force N associated with the orthogonal links of the interface. 

1.4.3 Calibration of the diagonal link 

The diagonal shear failure collapse of the panel is related to a single degree of free-

dom; this allows to associate the nonlinear response to a single diagonal nonlinear 

link. Many different yielding criteria can be adopted to account for the shear capacity, 

which is strongly dependent on the vertical compression stresses in the wall. In the 

elastic range, the diagonal shear spring is calibrated by imposing an energy equiva-

lence between the articulated quadrilateral, ruled by the diagonal spring and a contin-

uous reference elastic model. The yielding forces are associated with the limits of ten-

sile or compressive stresses in the reference continuous model, while the post-elastic 

behaviour is ruled by a suitable constitutive law. A Mohr–Coulomb law or a Turnsek–
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Cacovic (1970) law can generally be adopted for the calibration of the diagonal link, 

although any constitutive law can also be considered. 

1.5 Experimental and numerical validation of the proposed macro-element 
strategy 

In this section the capability of the proposed discrete macro-element approach to sim-

ulate the nonlinear response of masonry structures is investigated. The method is val-

idated by comparing the numerical results with those obtained by other numerical ap-

proach or by experiments already available in the literature. 

1.5.1 The 2D macro-element 

The first validation is relative to the case of a single 2D macro-element which was 

investigated considering a comparison between the proposed approach (Pantò et al., 

2015) and an equivalent frame model combined with a fiber section model recently 

proposed in Raka et al. (2015). The panel is restrained at its base and at its top. Initially 

the panel is subjected to a force controlled application of a vertical load than a dis-

placement controlled analysis with an increasing horizontal displacement at the top of 

the panel is performed. The panel is characterized by the thickness t = 0.6 m, the width 

w = 3 m, and the height h = 2 m. The adopted mechanical properties are reported in 

Table 3; for this first example, the shear failure is considered inhibited.  

The results are compared with those obtained by an equivalent frame approach based 

on a direct fiber section analysis (Raka et al 2015). 

Several analyses have been performed for different levels of the axial load; in Figure 

9a the ultimate bending moment of the base section is reported vs the considered axial 

load. The capability of the model to describe the axial-flexural response of a masonry 

wall section is assessed by comparing the M-N dominium of the base section with that 

obtained following the closed-form expression reported in the Italian building code 

(NTC, 2008). A second example of a single panel is reported in Figure 10b. The ulti-

mate load obtained with the equivalent frame fiber model, as proposed by Raka et al 

2015, and the proposed macro-element are compared when either only the flexural or 

only shear mechanisms are considered. The two numerical models provide very close 

results in terms of ultimate loads, and they are consistent with the values suggested 

by the Italian code (NTC, 2008) 
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The plane macro-element can also be adopted for modelling infilled frame 

structures. In the latter case a hybrid approach is applied: the surrounding frame is 

modelled using lumped plasticity beam–column elements while the nonlinear response 

of the infill is modelled by means of the plane macro-element, already described in the 

previous section. The frame element interacts with the masonry panels by means of 

nonlinear-links distribution along discrete interfaces. Each interface is constituted by n 

transversal nonlinear links and a single longitudinal nonlinear link. The flexural 

interaction between the panel and an adjacent beam is governed by the four degrees 

of freedom of the beam associated to its two ends and by the n internal degrees of 

freedom  associated to the springs of the interface. For a more accurate evaluation of 

the nonlinear behaviour of the frame element it has been assumed that plastic hinges 

can occur in each sub-beam element between two nonlinear transversal links. This 

latter assumption provides a reliable frame element model since it is able to embed the 

occurrence of plastic hinges at different positions and it is consistent with the adopted 

level of discretization for the infill interface. 

An experimental validation of the 2D macro-element, implemented in the software 

3DMacro (Caliò et al., 2012b), has been provided by Marques and Lourenço (2014) 

with reference to three-dimensional building prototype. The experimental campaign 

was carried out at CISMID research center in Perù (Zavala et al., 2004) on a two storey 

building with irregular plan, representative to a typical family existing residential houses 

in Perù (Figures 11a–c). The tests were performed under quasi-static cyclic loads, ap-

plied through two actuators located at the two slabs, used to induce a constant load 

pattern to the structure proportional to the building height. In Figure 11b, the compari-

son between numerical pushover curve (dotted curve) and the experimental results is 

reported, while Figure 11c shows the damage scenario of the “south” wall at the last 

step of the analysis, a detailed comparison is reported in Marques and Lourenço 

(2014). 

1.5.2 The 3D macro-element 

An extensive numerical validation of the model on single walls with and without open-

ings has been recently carried out in Pantò et al. (2017a) by considering masonry pan-

els loaded out-of-plane with different geometries and boundary conditions. Applica-

tions of the model at a meso-scale for the out-of-plane behavious of masonry proto-

types can be found in Cannizzaro and Lourenço (2017). The numerical applications 

here reported refer to a real scale simulation of a prototype building representative of 
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a structural typology popular in Portugal between the end of 19th century and the 

beginning of the 20th century. This typology, known as "Gaioleiro" buildings, 

corresponds to quite tall structures, usually with six stories, in which walls are made of 

rubble masonry and lime mortar, and the horizontal diaphragms are timber floors and 

roofs. A four story building with timber roofs and blind wall was investigated in the work 

conducted by Mendes and Lourenço (2009), Mendes (2012). Such building was built 

in 1:3 scale and subsequently tested on a shaking table at LNEC, Mendes et al. (2014). 

Details on the geometry can be found in Mendes (2012). The prototype was studied 

by means of an advanced FE model implemented in the software DIANA, conducting 

static and dynamic nonlinear analyses. The 3D macro-element method has been 

applied by using the software HiStrA (Caliò et al. 2015) in which the proposed macro-

element strategy has been implemented. The mechanical properties here assumed 

are reported in Table 4 and were determined consistently with the data proposed by 

Mendes (2012).  

A Turnsek and Cacovic (1970) yielding criterion was assumed for the diagonal shear 

behaviour characterised by a perfectly post-elastic behaviour till a transition drift t, 

assumed equal to 0.6%, with a subsequent linear softening branch till the achievement 

of a limit drift u equal to 1.5%. The numerical model consists of 704 elements 

(corresponding to an average mesh size equal to 1.1 m) with a total amount of degrees 

of freedom equal to 5568 (the FE model is characterized by 75880 degrees of freedom 

Mendes (2012)). The structure was initially loaded with the self weight and then 

subjected to horizontal mass proportional load distributions along the two main 

directions of the building, namely parallel and perpendicular to the façade. The target 

displacements for the two analyses were set according to the ultimate displacements 

achieved in FE model. The results reported in Figure 9 show the two capacity curves 

obtained from the numerical simulations. In this figure, the horizontal top displacement 

at a monitored node versus the base shear coefficient are reported along the horizontal 

and vertical axes, respectively. The monitored node corresponds to the middle point of 

the top wall loaded in the out-of-plane direction, whereas the base shear coefficient 

was computed as the base shear along the load direction normalized by the self weight. 

As expected, the direction parallel to the façade is weaker than the perpendicular one 

(peak base shear coefficient equal to 0.11 versus 0.40). Despite this, it presents a 

much more ductile behaviour (ultimate displacement equal to 200 mm versus 40 mm). 
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In Figure 13, the deformed configurations associated with the peak load and ultimate 

displacement are plotted with their corresponding damage patterns for the analysis in 

the weakest direction parallel to the main façade. Figure 13a illustrates the damage 

pattern associated with the peak load which is mainly characterized by the failure of 

spandrels in the first two stories. The damage pattern associated with the ultimate 

displacement is depicted in Figure 13b. In this case, it is observed that the spandrels 

of the upper stories present significant damage. In addition, this damage pattern was 

also characterized by rocking at the base of the piers.  

The comparison with the FE model shows a good agreement in terms of damage 

patterns. In the direction parallel to the façade, the damage concentrates progressively 

in the spandrels, from the lower to the upper stories, leading to a final damage pattern 

in which the overall collapse mechanism involves all the stories.  

1.5.3 The shell macro-element 

The proposed macro-element approach has been implemented in the HiStrA software, 

specifically devoted to Historical Structures Analyses. The software allows to model 

typical masonry monumental structures with the aid of a graphical user interface that 

facilitates the input of the geometry and of the mechanical properties of the materials 

of the structure through the processing of a CAD drawing and the help of several gen-

eration wizard tools. In Pantò et al. (2016), with the aim to provide a numerical valida-

tion for a full scale structure, the approach has been applied to a historical basilica 

church, characterised by the presence of arches on masonry walls and masonry col-

umns. A similar application can be found in Pantò et al. (2017b). In this section the 

capability of the shell macro-element to simulate the behaviour of typical spatial curved 

masonry element structures is investigated.  

The applications reported in the following aim at validating the model through a com-

parison with experimental and numerical results. The case here reported is relative to 

a brick masonry spherical dome with a central hole tested in 2006 by Foraboschi 

(2006). The dome was subjected to an incremental vertical load along the edge of the 

central hole. Details on the experimental layout and on the mechanical properties can 

be found in Foraboschi (2006). The numerical model implemented to simulate the ex-

perimental tests consists of 544 quadrangular elements (17 along meridians and 32 

along parallels) which correspond to a total number of degrees of freedom equal to 
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3,808. Regarding the membrane fiber discretization, a maximum distance of the or-

thogonal nonlinear links equal to 5 cm along the parallels and 1.5 cm through the thick-

ness of the dome have been set, respectively. In the performed nonlinear static analy-

sis, the model has been subjected firstly to its self-weight, then to the external vertical 

load applied on the annulus of quadrilateral elements sited around the hole. The me-

chanical properties employed in the numerical simulations, reported in Table 5, have 

been deduced by the simulations already reported in the literature (Milani et al., 2008; 

Milani and Tralli, 2012). The Elastic properties of the masonry are represented by the 

Young’s modulus (E) and the shear Poisson’s coefficient (). The sliding shear failure 

is ruled by the cohesion (c) and the friction factor (μ). The diagonal shear failure is 

considered elastic. 

In Figure 14, the results of the nonlinear static analysis, expressed in terms of de-

formed shape and damage pattern at collapse, have been compared to those already 

available in the literature. Namely, Figure 14c reports the vertical top displacement as 

a function of the vertical load. The proposed model correctly predicts the initial stiffness 

and the ultimate load of the structure, and it is in good agreement with the available 

numerical results throughout all the phases of the experiment. 

In Figures 14a,b, the failure mechanism and the corresponding damage scenario at 

the incipient collapse condition, obtained by the numerical model implemented in HiS-

trA (Caliò et al., 2015), are reported. More details of the comparison can be found in 

Caddemi et al. (2015). 

1.5.4 Application to masonry arch bridges 

A further structural typology to which the proposed approach has been applied is rep-

resented by masonry arch bridges. Such structures represent a large part of the railway 

and road infrastructures of many countries and embeds very specific structural fea-

tures to which the proposed approach has been adapted, see for example the curved 

geometry and the three-dimensional structural response. In order to reduce the needed 

effort for the implementation of the numerical model of a multi-arch masonry bridge, a 

parametric input tool was developed considering both the complex geometry (e.g. the 

presence of backfill layers or the presence of tapered piers) and the automatic gener-

ation of load combinations considering the presence of a roving vehicle load (Caddemi 

et al. 2019). A comparison on the results obtained on a five arches railway bridge over 

Esino torrent (Italy) is here briefly summarized. The results obtained with the proposed 
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approach have been validated in the nonlinear field with those obtained with a classic 

nonlinear FEM approach (Lusas 2018). The adopted mechanical properties are sum-

marized in Table 6, differentiated according to the structural components groups, con-

sidering the elastic modulus E, the shear modulus G, and the specific weight w. Tensile 

ft and compressive fc strengths of the masonry have been related to a linear softening 

behaviour governed by the corresponding fracture energies Gft and Gfc. The shear di-

agonal behaviour has been associated to a Mohr Coulomb domain characterised by a 

shear strength τ0 and a friction coefficient µ=0.5. The two numerical models, subjected 

to a pushdown nonlinear analysis corresponding to an anti-symmetric vehicle load ar-

rangement, see Figure 15. The proposed approach drastically limits the required de-

grees of freedom (12080 versus 349362 in the FE model). Line loads have been ap-

plied to simulate the presence of vehicles, and their intensity has been magnified till 

the failure of the bridge. In Figure 16 a comparison in terms of both the capacity curves 

and the damage pattern at collapse of the two models has been reported considering 

as monitored displacement, for sake of conciseness, the top of second arch. A strong 

agreement between the two models is encountered considering the displacements of 

each of the five arches. The observed damage patterns of the two numerical models 

are similar as well, with significant vertical cracks on the first two piers and a spread 

damage on the arches. 

1.6 Summary and conclusions 

In this chapter, a numerical strategy aiming at simulating the nonlinear behaviour of 

masonry structures is presented. The proposed numerical model, which belongs to the 

framework of the simplified models, is based on a simple mechanical scheme that con-

sists of a hinged quadrilateral, endowed with a diagonal link to govern the in-plane 

diagonal shear behaviour, and contouring interfaces that rule the interaction with con-

tiguous elements. 

The proposed approach appears to be a fair compromise between oversimplified mod-

els (limit analysis or equivalent frame models) and accurate models based on cumber-

some strategies, which require an expert interpretation of the results. The basic model, 

originally conceived for the simulation of masonry walls loaded in their own plane was 

repeatedly upgraded, progressively increasing the structural typologies that the pro-

posed strategy is able to model. In particular, within the scope of the numerical simu-
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lation of ordinary buildings with box behaviour (the out-of-plane behaviour is consid-

ered inhibited), interaction with frames contouring a masonry panel was enabled, thus 

allowing the numerical simulation of both unreinforced masonry structures (URM) and 

infilled masonry structures (IFS). 

Aiming at the numerical modeling of historical masonry structures (HMS), two further 

upgrades were considered. First, the out-of-plane degrees of freedom were enabled to 

assess the out-of-plane behaviour of masonry walls; then, a further improvement al-

lowed simulating masonry structures with a curved geometry. Finally, by ruling the in-

teraction between structural elements in correspondence of their intersections, full non-

linear simulations of large historical masonry constructions were performed. The pro-

gressive improvements were obtained simply extending the calibration procedure of 

the links according to the different peculiarities of the model at the various stages of 

complexity. However, the philosophy of the model was kept the same for all the con-

sidered advances of the model, that is, the calibration is always straightforward and 

based on the same concepts. Some simple validations of the model were presented 

consistently with each of the described stage. The results show that the proposed strat-

egy appears to be reliable in all the considered cases and that it represents an original 

approach to the nonlinear assessment of ordinary masonry buildings, historical and 

monumental structures. 
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Table 1.  Mechanical calibration of the orthogonal Nlinks for a rectangular panel 

Direction K fc ft uc ut 

Horizontal 2 h h s
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Table 2.  Mechanical calibration of the shear sliding Nlinks for a rectangular panel 

Direction ks d fsy 

In-plane ∞ -  sy sf c N A   

Out-of-plane 
1
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s
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k
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4

4
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Table 3.  Mechanical properties adopted for the masonry 

G [MPa] E [MPa] ρ [kN/m3] c [MPa] t [MPa] fv0

230 870 19 1.0 0.1 0.4 
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Table 4. Mechanical properties adopted in the numerical model. 

E [MPa] t [MPa] Gt [N/mm] c [MPa] Gc [N/mm] G [MPa] t [%] u [%] 

1000 0.1 0.05 100 1.6 417 0.6 1.5 
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Table 5. Mechanical properties adopted in the numerical model. 

E [MPa] t [MPa] c [MPa] c [MPa]    [kN/m3] 

850 0.07 1.9 0.12 0.37 0.25 19 
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Table 6. Mechanical properties adopted for the masonry bridge 

Elements 
fm 

[MPa] 

0 

[MPa] 

E 

[MPa] 

G 

[MPa]

ft 

[MPa] 

Gft 

[MPa] 

Gfc 

[MPa] 

w 

[kN/m3] 

Abutment, pier, 

spandrel wall 
5.8 0.4 2060 860 0.12 0.02 100 22 

Masonry arches 2.6 0.3 1200 500 0.12 0.02 100 18 

Backing, fill material, 

ballast 
1.1 0.05 700 290 0.05 ∞ 100 19 
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Captions 

Figure 1. Equivalent frame modelling strategy. (1) masonry wall geometrical layout; (2) 

identification of piers, spandrels and regions assumed as rigid; (3) frame model 

superimposed to the wall geometry; (4) equivalent frame model 

Figure 2. Subdivision of a dome in macro-portion to be represented by macro-ele-

ments. 

Figure 3. The 2D macro-element and its mechanical scheme. (a) initial undeformed 

configuration (b) deformed configuration. 

Figure 4. Typical macro-element discretization of an infilled frame in presence of a 

central door opening. 

Figure 5. 3D macro-element. (a) simplified mechanical scheme; (b) a typical fiber dis-

cretization of the element. 

Figure 6. Shell macro-element. (a) the orthogonal links of the interfaces; (b) the longi-

tudinal and the diagonal links. 

Figure 7. (a) Curved portion of masonry structures and (b) its flat discrete element 

representation. 

Figure 8. Fiber discretization of the shell macro-element. 

Figure 9. Mechanical characterization of an orthotropic masonry panel: (a) constitutive 

laws and (b) calibration of the orthogonal Nlinks (Pantò et al., 2017a). 

Figure 10. Interaction diagrams: (a) M-N and (b) V-N (Pantò et al., 2015). 

Figure 11. Experimental validation of the 2D macro-element for a prototype building 

(Marques and Lourenço, 2014): (a) numerical model, (b) comparison in terms of ca-

pacity curve and (c) damage scenario at collapse of the south wall. 

Figure 12. Numerical validation of the 3D macro-element through a comparison with 

FE results for a Gaioleiro prototype buildings (Caddemi et al, 2018). Capacity curves 

along the directions (a) parallel and (b) orthogonal to the façade. 
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Figure 13. Damage pattern at (a) the peak load and (b) at collapse for the analyses 

along the direction parallel to the façade (Caddemi et al, 2018). 

Figure 14. Hemispherical dome (Caddemi et al., 2015): (a) failure mechanism repre-

sented in half dome (b) Damage inelastic distribution expressed in gray scale (c) load 

displacement curves. 

Figure 15. Railway bridge (Caddemi et al., 2019): (a) layout of the applied loads and 

numerical models according to (b) proposed and (c) the FE approaches. 

Figure 16. Comparison in terms of (a) capacity curves and damage pattern at collapse 

according to (b) proposed and (c) the FE approaches. 
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Figure 1. Equivalent frame modelling strategy. (1) masonry wall geometrical layout; 

(2) identification of piers, spandrels and regions assumed as rigid; (3) frame model 

superimposed to the wall geometry; (4) equivalent frame model 

 

Granja Journal                                                                                               ISSN: 1390-8596

https://lagranja.tel/                               Volume 7-issue 1                                            Page 77.



         

Figure 2. Subdivision of a dome in macro-portion to be represented by macro-ele-

ments. 
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(a)                                                           (b) 

 

Figure 3. The 2D macro-element and its mechanical scheme. (a) initial undeformed 

configuration (b) deformed configuration. 
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Figure 4. Typical macro-element discretization of an infilled frame in presence of a 

central door opening. 
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(a)                                                           (b) 

Figure 5. 3D macro-element. (a) simplified mechanical scheme; (b) a typical fiber dis-

cretization of the element. 
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(a)                                                                       (b) 

Figure 6. Shell macro-element. (a) the orthogonal links of the interfaces; (b) the longi-

tudinal and the diagonal links. 
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   (a)                                                             (b) 

Figure 7. (a) Curved portion of masonry structures and (b) its flat discrete element 

representation. 
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Figure 8. Fiber discretization of the shell macro-element. 
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Figure 9. Mechanical characterization of an orthotropic masonry panel: (a) constitutive 

laws and (b) calibration of the orthogonal Nlinks (Pantò et al., 2017a). 
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(a)                                                                       (b) 

Figure 10. Interaction diagrams: (a) M-N and (b) V-N (Pantò et al., 2015). 
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 (a)      (b) (c) 

 

Figure 11. Experimental validation of the 2D macro-element for a prototype building 

(Marques and Lourenço, 2014): (a) numerical model, (b) comparison in terms of ca-

pacity curve and (c) damage scenario at collapse of the south wall. 
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(a)                                                                       (b) 

 

Figure 12. Numerical validation of the 3D macro-element through a comparison with 

FE results for a Gaioleiro prototype buildings (Caddemi et al, 2018). Capacity curves 

along the directions (a) parallel and (b) orthogonal to the façade. 
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(a)                                                                       (b) 

Figure 13. Damage pattern at (a) the peak load and (b) at collapse for the analyses 

along the direction parallel to the façade (Caddemi et al, 2018). 
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 (a)                                                      (b) 

 (c) 

 

Figure 14. Hemispherical dome (Caddemi et al., 2015): (a) failure mechanism repre-

sented in half dome (b) Damage inelastic distribution expressed in grey scale (c) load 

displacement curves. 
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 (a) 

(b) (c) 

Figure 15. Railway bridge (Caddemi et al., 2019): (a) layout of the applied loads and 

numerical models according to (b) proposed and (c) the FE approaches. 
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 (a) 

 

(b)                                                                   (c) 

Figure 16. Comparison in terms of (a) capacity curves and damage pattern at collapse 

according to (b) proposed and (c) the FE approaches. 
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